Controlling dynamical fluctuations in open quantum systems is essential both for our comprehension of quantum nonequilibrium behaviour and for its possible application in near-term quantum technologies. However, understanding large fluctuations is extremely challenging due, to a large extent, to a lack of efficient numerical methods. Here, we devise a unified framework -based on population-dynamics methods-for the evaluation of the full probability distribution of generic time-integrated observables in Markovian quantum jump processes. These include quantities carrying information about genuine quantum features, such as quantum superposition or entanglement, not accessible with existing numerical techniques. The algorithm we propose provides dynamical free-energy and entropy functionals which, akin to their equilibrium counterpart, permit to unveil intriguing phase-transition behaviour in quantum trajectories. We discuss some applications and further disclose coexistence and hysteresis, between a highly entangled phase and a low entangled one, in large fluctuations of a strongly interacting few-body system. arXiv:1910.13940v1 [cond-mat.stat-mech] 
Fluctuations, even those well far from the average, play a fundamental role both in classical and quantum systems. In equilibrium, for instance, it is necessary to know the probability of every microscopic configuration in order to predict, via the singularities in the partition function, the existence of phase transitions. This exceptional result of standard statistical mechanics, however, breaks down as soon as we drive the system far from equilibrium. In this scenario, strong spatio-temporal correlations that are absent in equilibrium emerge [1] [2] [3] [4] [5] and stationary properties alone are not sufficient to understand the physics of the system, being required to study its trajectories and their statistical properties. To this aim, a thermodynamic formalism for trajectories -built on large deviations [6] -has been devised [7] [8] [9] [10] [11] , leading to important breakthroughs in the nonequilibrium realm [12] [13] [14] [15] [16] . Nonetheless, its application to the exploration of dynamical fluctuations of genuine quantum features, such as entanglement, has been elusive so far.
Extensively investigated in equilibrium and in unitary dynamics [17] [18] [19] [20] [21] , entanglement is a crucial resource for quantum information and metrology [22] [23] [24] , and further represents a measure of complexity for the manybody wave-function. Its notion has led to important advances in subjects ranging from thermalization or quantum thermodynamics [25, 26] to black holes and cosmology [27, 28] . Recently, the dynamics of entanglement in open systems and in stochastic pure state evolutions has been the focus of intense research [29] . From the analysis of trajectories, it has been possible to observe nonequilibrium entanglement phase transitions [30] [31] [32] and to develop a dissipative quasi-particle picture in noninteracting systems [33] . However, fundamental ques- tions like "What is the probability of observing a given entanglement fluctuation?" or "Is it possible to observe phase transitions, analogous to those in equilibrium, in entanglement fluctuations?" have, as yet, not been fully addressed.
Here, borrowing ideas from classical nonequilibrium [34, 35] , we develop a unified framework for the evaluation of the probability distribution of dynamical fluctuations of arbitrary time-integrated observables in quantum jump processes [36, 37] . This approach thus permits to uncover the statistics of a number of observables not accessible with state-of-the-art nonequilibrium algorithms [38] [39] [40] . To illustrate its potential, we derive the dynamical counterpart of equilibrium free-energy and entropy functionals for entanglement [41, 42] and quantum coherence. We further unveil critical phenomena with coexistence -as sketched in Fig. 1 -and hysteresis between a high and a low entanglement phase, in fluctuations of strongly interacting few-body systems.
Quantum trajectories-We focus on open quantum systems described by quantum jump processes [36, 37] . The average quantum state ρ t evolves through the Lindblad master equation [43, 44] 
where H eff = H − i/2 µ J † µ J µ is the effective Hamiltonian, with H being the Hamiltonian of the system. N J stands for the number of jump operators J µ encoding the system-bath interaction. However, the process is stochastic and much more information than in the average dynamics (1) is contained in quantum trajectories. These are dynamical realisations, in which an initial pure state follows an overall deterministic evolution with H eff , punctuated by stochastic jumps at random times. We exploit a discrete-time approximation, where a trajectory of length τ is divided into N infinitesimal time-steps δt = τ /N → 0. At each time t = kδt, the pure state |ψ t either jumps to |ψ t+δt = J µ |ψ t / J µ |ψ t , for µ = 1, 2, . . . N J , with probability p µ = δt ψ t |J † µ J µ |ψ t , or evolves under H eff to |ψ t+δt = e −iδtH eff |ψ t / e −iδtH eff |ψ t , with probability p 0 = 1 − NJ µ=1 p µ .
Statistics of time-integrated observables-We now briefly present the formalism that allows us to derive the statistics of time-integrated observables in quantum jump processes. To this end, we notice that a quantum trajectory, denoted by ω τ , consists of a sequence of pure states ω τ = {|ψ 0 , |ψ 1 , . . . |ψ N }, where |ψ k is short-hand for |ψ t=k δt , whose probability is given by P [ω τ ] = p |ψ0 p |ψ0 →|ψ1 . . . p |ψ N −1 →|ψ N .
(
Here p |ψ0 is the probability of the initial (pure) state while p |ψ k →|ψ k+1 is the transition probability at t = kδt, corresponding either to p µ or p 0 depending on whether the state jumps with J µ or evolves under H eff . The full set of trajectories and associated probabilities completely characterises the process. However, this information is often intractable and experimentally irrelevant, the focus thus being on the statistics of one or several time-integrated observables O τ . Each of these can be expressed as a functional over trajectories, O τ = O[ω τ ] and, in the discrete-time approximation, written as
where α is an observable-dependent function describing the discrete increment of O τ . As such, the probability distribution of O can be obtained by contraction from The numerical method-Our approach consists in computing θ(s) by exploiting a quantum version of the socalled cloning algorithm [34, 35] . If we insert Eqs.
with p |ψ k →|ψ k+1 = e −sα(|ψ k ,|ψ k+1 ) p |ψ k →|ψ k+1 /Y |ψ k and Y |ψ k being the normalisation factor.
The partition function written as in Eq. (4) has now a clear computational interpretation, as illustrated in Fig. 2(a) . We consider a number of copies of the system, N c , which independently evolve or "mutate" according to the biased stochastic dynamics p |ψ i k →|ψ i k+1 , for i = 1, . . . , N c , see Fig. 2(a.1) . After this mutation step, a "selection" takes place and every clone is either stochastically reproduced by an integer number of copies or pruned with average Y |ψ i k , as displayed in Fig. 2(a.2) . This step changes the evolving population to the value N c . In order to avoid diverging or vanishing populations during the dynamics, this must be resized, as shown in Fig 2(a.3) , by killing or replicating randomly selected clones. This terminates the evolution of clones over a time-step. With this procedure, the dynamical freeenergy is θ(s) = τ −1 N k=1 ln(X k ), with X k = N c /N c being the resizing factor at step k (see S1 in Supplemental Material for a detailed discussion of the algorithm).
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In addition to the full statistics obtained via θ(s), clones surviving up to the last time-step provide a representative sample of the quantum trajectories realising the fluctuation o = −θ (s), c.f. Fig. 2(b) . In the presence of critical phenomena in trajectory-space [46] , the analysis of these samples can shed light on the properties of the dynamical phases of the system.
Coherence and entanglement statistics-Within this framework it is possible to explore completely novel aspects about dynamical fluctuations of genuine quantum features. Indeed, the algorithm is not restricted to jump-rate observables like currents or activities (see S2 in Supplemental Material for examples of these observ-ables) but it is rather universal, in that it can be used for generic time-integrated observables once the proper increment α is identified. Thus to unveil the statistics of a function of the state f (|ψ ) -where f must be understood as a function of all coefficients defining the pure state |ψ -the increment can be written as α(|ψ k , |ψ k+1 ) = (f (|ψ k ) + f (|ψ k+1 ))δt/2. The sum in equation (3) provides, for δt → 0, a good approximation to the observable O τ = τ 0 f (|ψ t )dt. No tilted Lindblad can provide the statistics of such observables [40] .
In Fig. 3 we report on the characterisation of the statistics of time-averaged coherence and entanglement in paradigmatic few-body systems. For coherences, defined as C = τ −1 τ 0 dt c(t), we consider a two-level atom with J 1 = √ γσ − and H = Ω(σ − +σ + ), with σ ± being the ladder operators [38] . Here, c(t) is the modulus of the offdiagonal terms of the stochastic state |ψ t ψ t | and represents a measure of quantum superposition (see S3 in the Supplemental Material for more details). The dynamical free-energy, see Fig. 3(a) , is smooth in the temperaturelike parameter s indicating that trajectories are dominated by a single dynamical phase. The deterministic dynamics in between jumps builds up coherence until a jump -or photon emission-resets the system into the de-excited (classical) state. Thus, fluctuations with large time-integrated coherence are characterised by smaller than typical jump rates, as displayed in Fig. 3(a) . We then consider the statistics of the time-averaged half-system entanglement -Von Neumann-entropy, E = τ −1 τ 0 S V N (t)dt, in a non-interacting two-site boundary- driven chain [47] [see Fig. 3 (b)] (see S4 in the Supplemental Material for more details). The model is described by equation (1), with
± injecting/ejecting a particle in the first site and
in the last. Rates γ ± = 1 ± µ depend on the driving parameter µ, and H =
, with ∆ accounting for interactions. In Fig. 3(b) , we observe a smooth entanglement dynamical free-energy. The dynamics is made of boundary jump events which destroy entanglement, if present, by collapsing the state onto classical configurations. These are time-invariant under H eff so they survive until a further boundary event occurs. High (low) entanglement fluctuations are generated by dynamical realisations with small (large) fractions of time spent in classical configurations, as shown by representative quantum trajectories.
It is worth remarking that generic quantum jump processes -contrary to classical ones-do not visit the whole space of admissible pure states [40] . Initial conditions thus play a crucial role. For instance, a process could generate a large entanglement fluctuation from a highly entangled initial state simply avoiding jump events, in order not to leave a favorable dynamical regime which, once left, could not be reproduced. This however does not reflect the entangling power of the process: to unambiguously characterise the entanglement statistics of the process itself, one must start from separable states, as in Fig. 3 , or investigate different initial conditions, as we do in what follows.
Dynamical crossover, coexistence and hysteresis between high and low entanglement phases-The dynamical free-energy of entanglement may also feature abrupt changes associated with different fluctuations. Analogously to what happens in equilibrium, this is the signal of transition-like critical behaviour in trajectories.
In Fig. 4(a) we report on a sudden change of the dynamical free energy θ(s) of the half-chain entanglement entropy, in a strongly interacting (∆ = 4) few-body boundary-driven chain [48] (see S4 in the Supplemental Material for more details). This witnesses the existence of two distinct dynamical regimes, reminiscent of first-order phase transitions as sketched in Fig. 1 . In particular, these two regimes correspond to a high and a low entanglement phase. Critical fluctuations of entanglement with values in between these two regimes are characterised by coexistence of both phases, as displayed by a representative trajectory in Fig. 4(b) . Here we see how a highly entangled phase (S V N (t) ≈ log 2), with central spins having 76% projection on the Bell state |Φ − Bell ∝ |↑↑ −|↓↓ , deterministically evolves until quantum jumps take place and drive the system into a lower entanglement phase (S V N (t) ≈ 0.095), with a 98% projection on the classical configuration |↑↑↓↓ . This intermittent behavior manifests as well in the average occupation number -see inset to Fig. 4(b) .
The function θ(s) has been obtained starting from a random initial condition for each clone. Once we have approximately established the reference states for the two dynamical regimes, we can verify the robustness of this abrupt crossover against initial conditions. In the inset to Fig. 4(a) , we show the time-averaged entanglement for different initial conditions. Remark-ably, hysteresis behaviour emerges in entanglement fluctuations. When starting from a separable state the crossover takes place at a larger finite value of |s| -meaning that the large entanglement phase is less likely observed-than when the initial state is ↑ Φ − Bell ↓ , closer to the reference state for the highly entangled phase. Since the sudden crossover persists when starting from a fully separable state, the entanglement critical dynamics is intrinsic of the quantum process and should not be associated with the entanglement of initial conditions. Outlook-We have introduced a general numerical framework where statistical properties of arbitrary timeintegrated observables of quantum jump trajectories can be explored. This approach paves the way to the study of the fluctuating behaviour of truly quantum features. While we have discussed applications to few-body quantum systems, our method, in combination with matrix product or neural network [49] representations of quantum trajectories, may be exploited to study genuine many-body dynamical phases and critical behaviour in quantum nonequilibrium settings.
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Entanglement statistics in Markovian open quantum systems: a matter of mutation and selection
where p |ψ0 is the probability of the initial state |ψ 0 and p |ψ k →|ψ k+1 stands for the transition probability from state |ψ k to |ψ k+1 , which can be either p µ = δt ψ k | J † µ J µ |ψ k , for µ = 1, 2, ..., N j or p 0 = 1 − Nj µ=1 p µ , depending on whether the system either jumps or evolves under the action of H eff , respectively. Here, N j are the number of jump operators J µ encoding the type of interaction between system and environment. Thus, the probability of having a value O for the observable is,
The same information is obtained from the moment generating function or dynamical partition function Z τ (s) = O P (O)e −sO , which reads Z τ (s) = ωτ p |ψ N −1 →|ψ N e −sα(|ψ N −1 ,|ψ N ) · · · p |ψ0 →|ψ1 e −sα(|ψ0 ,|ψ1 ) p |ψ0 .
Thus by definingp
we can rewrite the dynamical partition function as Z τ (s) = ωτp |ψ N −1 →|ψ N · · ·p |ψ0 →|ψ1 p |ψ0 . We are interested in simulating Z τ (s) for long times in order to obtain the dynamical free energy, as θ(s) = lim τ →∞ 1 τ ln Z τ (s).
However, the transition probabilities (S1) are not normalized ( |ψ k+1 p |ψ k →|ψ k+1 = 1), and cannot be simulated as a standard stochastic process. Nevertheless, we can normalize them by introducing the cloning rates, Y |ψ k ≡ |ψ k+1 p |ψ k →|ψ k+1 , so that
are proper transition probabilities. We can then express Z τ (s) as
This way of writing the dynamical partition function Z τ (s) allows us to numerically compute θ(s), since (S3) can be computationally read as follows: each state |ψ k evolves at each time-step δt according to p |ψ k →|ψ k+1 Y |ψ k , which consists of a stochastic evolution -or "mutation"-with transition probability p |ψ k →|ψ k+1 and a "selection" term which replicates or removes the evolved state by replacing it with an integer number of identical copies with average Y |ψ k . The latter operation is the responsible for the exponential growth of Z τ (s) in time. To check this we write for given a trajectory {|ψ 0 , · · · , |ψ N }, the number of clones at time τ , N ({|ψ 0 , · · · , |ψ N }; τ ), as the following recurrence relation:
where N (|ψ 0 ; 0) = N c p |ψ0 is the number of copies in the initial state |ψ 0 when starting with a number N c of initial states. Thus the average number of clones at time τ , N (τ ) is given by
and consequently Z τ (s) = N (τ ) /N c . However, due to the exponential growth in time of N (t) -notice that Z τ (s) ∼ e τ θ(s) -, it is convenient to write the dynamical partition function as
This allows us to avoid diverging or vanishing population of clones after a time τ and to compute the dynamical free energy as
The computation of the above expression can be numerically performed with the following algorithm at every timestep: For long times and a large number of clones, N c 1, the factor X k is a good estimator of N (kδt) /N c , and the dynamical free energy can be thus computed as
The above algorithm is sketched in Fig. 2(a) of the main text. In addition, from this algorithm it is easy to retrieve the rare trajectories responsible for the rare event just by tracing back the states that have survived until the last time-step, as depicted in Fig. 2(b) of the main text.
S2. APPLICATION TO JUMP-RATE OBSERVABLES
The algorithm described above allows us to unveil the statistics of arbitrary time-averaged observables. In the main text, it has been applied to observables which depend on the state, such as the coherence or the entanglement entropy. For this kind of observables, the numerical approach here introduced is the only numerical method available so far to obtain the dynamical free energy. Furthermore, this algorithm can be applied as well to jump-rate observables, i.e. to observables such as the current or the activity -measuring the number of jumps-, which only take a non-zero value whenever a jump occurs. However, for these observables the dynamical free energy can be obtained in a completely independent manner by means of tilted operator techniques [38, 39] . We can thus check the validity of the algorithm by computing the dynamical free energy for jump-rate observables in different systems. In the following, we shall unveil the statistics of the activity in a laser-driven two-level atom with decay and the current in a boundary-driven spin chain.
S2.1 Activity statistics in a laser-driven two-level atom with decay
The activity in this case corresponds to the photon-emission rate of the system. The state of the system can be either excited |↑ = (1, 0) T or de-excited |↓ = (0, 1) T . Rabi oscillations are implemented by the Hamiltonian H = Ω(σ − + σ + ), where σ − = |↓ ↑|, σ + = σ † − , and Ω the Rabi frequency. The jump operator describing photonemission is J 1 = √ γσ − , with γ being the decay rate and , and is such that J 1 |ψ ∝ |↓ and J 1 |↓ = 0. To uncover the statistics of the activity, it is possible to exploit tilted operator techniques [38, 39] , which show that the dynamical free energy θ(s) for this observable is given by the largest real eigenvalue of the following tilted Lindbladian
On the other hand, within the framework presented here we can obtain the same dynamical free energy applying the quantum cloning algorithm with an increment for the observable α = 1 if a jump takes place, i.e. if |ψ k+1 = J 1 |ψ k / J 1 |ψ k , and zero otherwise. Results are displayed in Fig. S1(a) , where we observe a perfect agreement between the exact diagonalisation prediction (solid lines), and the data obtained with the algorithm (points). In this case the data have been generated for γ = 4 and different Rabi frequencies, with N c = 5000 clones and a discretisation step of δt = 0.0025 for trajectories of length τ = 50 after a relaxation time of τ relax = 25. We then have computed θ(s) taking the average over 100 different numerical experiments (or trajectories). Further, the initial state of each clone has been randomly taken from a uniform distribution.
S2.2 Current statistics in a boundary-driven chain
Another paradigmatic jump-rate observable besides the activity is the current. Here we focus on the statistics of the current in the boundary-driven XX chain, which is a paradigmatic nonequilibrium system which allow for the study of transport properties in quantum Hamiltonian systems connected at their extreme sites to particle reservoirs. The effects of these reservoirs consist in injecting or ejecting particles from the bulk of the system. Here we consider sites made of two-level subsystems. Considering L sites, we can write with the notation x (k) the operator x of site 
β Xσ
where σ − = |↓ ↑| describes ejection of a particle and σ + = σ † − injection. Rates are given by γ + = 1+µ and γ − = 1−µ, where µ is the driving parameter establishing an asymmetry between the left and the right boundary. We consider a tight-binding Hamiltonian In a boundary-driven chain the current corresponds to the net number of particle leaving the chain from, say, the right boundary, per unit time. Again, the statistics in this case can be recovered by obtaining the dynamical free energy θ(s) as the largest real eigenvalue of the tilted operator [38] With the algorithm here introduced we can derive the same statistics by exploiting the framework described in the main text with observable increments α such that α = 1 if a particle is removed from the last site -right boundary-, i.e. 
